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Abstract
We prove a structural theorem of Lebesgue's type concerning the existence of certain types
of vertices in 3-connected plane graphs. This theorem is then applied to the proof such that
the cyclic chromatic number c(G)6k + 2 for k = maxf40; ∗(G)g, where ∗(G) denotes the
size of the largest face of G. This conrms a conjecture by Plummer and Toft for ∗(G)>40.
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1. Introduction
In this paper we consider the 2-connected plane graphs without loops and multiple
edges. We use the standard graph theory terminology. We recall, however, more spe-
cialized notions. An edge e = uv joining the vertices u and v in a 3-connected graph
G is said to be contractible if, upon identifying the vertices u and v and deleting
the loop uv and any parallel edges formed thereby, we obtain a graph that is again
3-connected. We denote the resulting graph by G  e. Obviously, (G  e)6(G)
for any contractible edge e; (G) here and the sequel denotes the size of a largest
face of G. An edge is removable if removing it produces a new 3-connected graph.
(When we remove an edge, two edges at any resulting degree-2 vertex are coalesced
into a single edge.)
An (r1; r2; : : : ; rt)-vertex is a degree-t vertex u such that the vector (r1; r2; : : : ; rt)
consisting of sizes of the faces incident with u as they are encountered when rotating
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around u is equal to the lexicographic minimum of the set
t[
i=1
f(ri; ri+1; : : : ; ri+t−1)g [
t[
i=1
f(ri+t−1; ri+t−2; : : : ; ri)g;
where indices are taken modulo t. Assume we are given a sequence (R1; R2; : : : ; Rt) in
which each Ri is an integer, Ri>3, or Ri =1. Then u is dened to be a vertex of
the type (R1; R2; : : : ; Rt) provided that ri6Ri for all i6t. An (m; n)-edge is one which
is incident with faces of degrees m and n, m6n. We say that an (m; n)-edge is of the
type (M;N ) if m6M and n6N .
Two vertices u; v of a 2-connected plane graph G are dened to be cyclically adjacent
if they are incident with a common face of G. The cyclic degree of a vertex u, in
symbol cd(u), is the number of vertices which are cyclically adjacent to u. If u is an
(r1; r2; : : : ; rt)-vertex, then clearly cd(u) =
Pt
i=1(ri − 2). The set of vertices which are
cyclically adjacent with a vertex u is called the cyclic neighbourhood of the vertex u.
We use the following results:
Theorem 1 (Ando et al. [1]). Let G be a 3-connected graph with at least ve vertices.
Then
(i) each degree-3 vertex is incident with a contractible edge;
(ii) each degree-k vertex; k>4; either is incident with a contractible edge or has at
least three degree-3 neighbours each of which is incident with exactly two contractible
edges.
Lebesgue proved the following.
Theorem 2 (Lebesgue [9]). In any 3-connected plane graph; there is a vertex of one
of the following types: (3; 6;1); (3; 7; 41); (3; 8; 23); (3; 9; 17); (3; 10; 14); (3; 11; 13);
(4; 4;1), (4; 5; 19), (4; 6; 11), (4; 7; 9), (5; 5; 9), (5; 6; 7); (3; 3; 3;1); (3; 3; 4; 11);
(3; 4; 3; 11); (3; 3; 5; 7); (3; 5; 3; 7); (3; 4; 4; 5); (3; 4; 5; 4); (3; 3; 3; 3; 5).
The rst main result of this paper is the following analogue of Theorem 2.
Theorem 3. Each 3-connected plane graph P contains either a vertex of one of
the types (3; 4;1); (3; 5; 39), (3; 6; 23), (3; 7; 27), (3; 8; 23); (3; 9; 17), (3; 10; 14),
(3; 11; 13); (4; 4; 39), (4; 5; 19), (4; 6; 11), (4; 7; 9), (5; 5; 9); (5; 6; 7); (3; 3; 3;1);
(3; 3; 6; 13), (3; 6; 3; 13); (3; 4; 4; 7), (3; 4; 7; 4); (3; 5; 6; 5), (4; 4; 4; 4); (3; 3; 3; 5; 6),
(3; 3; 5; 3; 6) or a conguration in Fig. 1 in which x1; x2; y1 and y2 are degree-3 vertices
and 1; 2 and 3 are 4-gons.
The second main result of this paper concerns cyclic colourings of plane graphs. A
cyclic colouring of a plane graph G is an assignment of colours to the vertices of G
such that for every face  of G the vertices incident with  have dierent colours.
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Fig. 1.
A cyclic colouring of G with k colours will be called a cyclic k-colouring. The
cyclic chromatic number c(G) of a 2-connected plane graph G is the minimum k for
which there is a cyclic k-colouring of G. Obviously, (G)6c(G). In a recent book
Jensen and Toft [8] have posed the following two questions (see Problem 2:5):
1. Is c(G)6 32
(G)?
2. If G is 3-connected, is c(G)6(G) + 2?
For a recent progress in solving the question 1 see the paper Borodin et al. [6],
where it is proved that c(G)6 95
(G).
The second part of this paper is devoted to the question 2. Plummer and Toft [10]
proved that c(G)6(G) + 9 in general and, among other similar results, c(G)6
(G) + 4 if (G)>42. In the same paper (see also [8]) they have conjectured that
c(G)6(G) + 2. The validity of this conjecture for G with (G) = 3 follows
from the Four Colour Theorem by Appel and Haken [2]. For (G) = 4, by Borodin
[4], c(G)66. Recently, Borodin [5] and Hornak and Jendrol' [7] have independently
proved that c(G)6(G) + 3 if (G)>24. The second main aim of this paper is
to prove the Plummer and Toft's conjecture if (G)>40.
Theorem 4. Let G be a 3-connected plane graph and let k =maxf40; (G)g. Then
c(G)6k + 2:
2. Proof of Theorem 3
Let G be a counterexample to Theorem 3. Let us split all vertices of G into four
families:
Family A consists of all vertices of the types (3; 7;1) and (4; 4;1).
Family B consists of all vertices of the type (3; 6; 3;1) and all vertices of the type
(3; 11;1) which are not in the family A.
Family C contains all the vertices of the type (3; 3; 6;1).
Family D contains all the remaining vertices.
Let us call in the sequel a vertex from the family X, X 2 fA;B;C;Dg, an X-vertex.
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Using the well-known Euler's formula
jV j − jEj+ jF j= 2
and the obvious equality
2jEj=
X
v2V
deg(v) =
X
2F
deg();
where V; E and F are the sets of vertices, edges and faces of G, respectively, we can
deduce
X
v2V
(2 deg(v)− 6) +
X
2F
(deg()− 6) =−12: (1)
With every vertex v 2 V and every face  2 F associate an initial charge 2 deg(v)− 6
and deg() − 6, respectively. Distribute the charge deg() − 6 of each face  evenly
among the incident vertices. Thus, the resulting charge of each face is 0, and that of
each vertex v, denoted by  (v), is
 (v) = 2 deg(v)− 6 +
X
3v
deg()− 6
deg()
; (2)
where the sum is taken over all the faces  incident with the vertex v. From (1) we
have
X
v2V
 (v) =−12: (3)
The charges  (v) are locally redistributed keeping their sum constant by the following
Rules:
(i) Each D-vertex u sends to a neighbour (3; 5; k)-vertex v along the edge uv the
charge 720 provided that uv is of the type (3;1).
(ii) Each D-vertex u sends to a neighbour (3; 6; k)-vertex v along the edge uv the
charge 14 provided that uv is of the type (3;1).
(iii) Each D-vertex u sends to a neighbour (3; 7; k)-vertex v along the edge uv the
charge 114 provided that uv is of the type (3;1).
(iv) Each neighbour u of a (4; 4; k)-vertex v which is not a (4; 4; l)-vertex sends to
v along the edge uv the charge 320 .
(v) Each (3; 3; 5; n)-vertex u sends to a neighbour (3; 5; k)-vertex v the charge 720
provided that uv is a (3; 5)-edge.
(vi) Each (3; 3; 6; n)-vertex u sends to a neighbour (3; 6; k)-vertex v the charge 14
provided uv is a (3; 6)-edge.
Note that any B-vertex neither sends nor receives.
After the redistribution of charges by Rules, the vertices have new charges, ’, and
X
x2V
’(x) =−12: (4)
We are going to show that ’(x)>0 for each vertex x which is not of the type (4; 4;1).
On the other hand, we shall see that
P
x2V (K) ’(x)>0 for any component K of the
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Table 1
a 3 3 3 3 3 4 4 4 4 5 5 5 >6
b 8 9 10 11 >12 5 6 7 >8 5 6 >7 >a
c> 24 18 15 14 b 20 12 10 b 10 8 b b
subgraph of G induced by the vertices of the type (4; 4;1). This immediately gives a
contradiction with (4).
Case 1: Let x be a degree-3 vertex.
1.1. If x is an A-vertex of the type (3; 7;1) then it shares an edge of the type
(3;1) with at least one D-vertex or C-vertex. It receives from these neighbours the
charge g(x).
If x is a (3; 5; k)-vertex, then k>40 and
’(x) =  (x) + g(x)>− 1− 1
5
+
k − 6
k
+
7
20
>0:
If x is a (3; 6; k)-vertex, then k>24 and ’(x) =− 6k + 14>0. Finally, if x is a (3; 7; k)-
vertex then k>28 and ’(x) = (17 − 6k ) + 114>0.
1.2. By Rule (iv) each neighbour u of a (4; 4; k)-vertex x, which is not of the type
(4; 4;1), sends to x the charge 320 . Because the conguration of Fig. 1 is not present
in G, it is easy to see that the vertices of any component K of the subgraph of G
induced by vertices of the type (4; 4;1) receive from their neighbours the charge
which is at least (jV (K)j+ 2)  320 . Since each vertex x 2 V (K) is a (4; 4; k(x))-vertex
with k(x)>40, we have
P
x2V (K) ’(x)>jV (K)j  (− 640 ) + (jV (K)j+ 2)  320 = 310 .
1.3. If x is a degree-3 D-vertex which sends a charge to a vertex of the type (3; 7;1)
then it is a (3; m; n)-vertex with m>12, n>24 and then  (x)=1−6=m−6=n. If it sends
a charge to two A-vertices then n>m>40 (n>m>24 or n>m>28) if h(x) = 2  720
(2  14 or 2  114 , respectively) where h(x) denotes the charge sent by the vertex x. Thus
’(x)>1− 6=m− 6=n− h(x)>0 in each of these cases. If a D-vertex x sends a charge
h(x) = 720 (
1
4 or
1
14 ) to exactly one A-vertex then x is a (3; m; n)-vertex with m>12
and n>40 (n>24 or n>28, respectively). It is easy to check that in all these cases
’(x) =  (x)− h(x)>0.
If x is a (4; m; n)-vertex sending a charge to an A-vertex, then m>5, n>40 and
h(x)62  320 . For m>6, ’(x)=  (x)− h(x)>(− 12 + (m− 6)=m+ (n− 6)=n)− 620 = 32 −
6=m− 6=n− 620> 65 − 66 − 640 > 0. If m=5 then x sends a charge 320 only to one vertex
and then ’(x) = (− 12 − 15 + (n− 6)=n)− 320> 320 − 6=n>0.
If a degree-3 vertex x is not an A-vertex and if it sends no charge to any A-vertex
then x is an (a; b; c)-vertex for which ’(x) =  (x) = 3− 1=a− 1=b− 1=c. The possible
values of parameters a; b; c are as shown in Table 1. It is a routine matter to check
that in all these cases ’(x)>0.
Case 2: Let x be a degree-4 vertex, i.e. an (a; b; c; d)-vertex. Then
 (x) = 6− 6=a− 6=b− 6=c − 6=d.
2.1. A vertex of the type (3; 3; 3;1) is not present in G.
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2.2. Because of Rule (iv), any (3; 3; 4; k)-vertex either sends a charge 320 to a neigh-
bour (4; 4; k)-vertex, k>40, along the (4; k)-edge or does not send any charge. In the
rst case ’(x)=  (x)− 320 = 720 − 6=k>0; in the second one ’(x)=  (x)= 12 − 6=k>0
because k>14.
2.3. A (3; 3; m; n)-vertex x, m 2 f5; 6g sends a charge to at most one neighbour along
(3; m)-edge because in this case n>14. Hence ’(x)> (x) − 720 = (2 − 6=m − 6=n) −
7
20>2− 65 − 614 − 720 > 0. It is easy to see that, if x is a (3; m; 3; n)-vertex, m 2 f4; 5; 6g,
n>m, ’(x) =  (x)> 0.
2.4. For a (3; 3; 7; 7)-vertex or a (3; 7; 3; 7)-vertex x we have ’(x)> (x)− 4  114 =
(6− 63 − 63 − 67 − 67 )− 27 =0. For a (3; 3; 7; n)-vertex or a (3; 7; 3; n)-vertex x with n>24
we have ’(x)> (x)− h(x)>( 87 − 6=n)− (2  114 + 2  720 ) = 310 − 6=n>0; if 86n623,
then ’(x) =  (x)> 0. Let x be a (3; 3; m; n)-vertex or a (3; m; 3; n)-vertex, n>m>8.
If x sends a charge to at least three neighbours then n>m>24 and ’(x)> (x) −
4  720 = 2− 6=m− 6=n− 75> 35 − 624 − 624 = 35 − 12 > 0. Otherwise, if x sends a charge to
at least one vertex of the type (3; 5;1), we have ’(x)>2− 68 − 640 − 2  720 > 0 or, if
x sends a charge to no vertex of the type (3; 5;1), then ’(x)>2− 68 − 624 − 2  14 > 0.
If x does not send any charge then ’(x) =  (x)>2− 68 − 68 > 0.
2.5. Let x be a (3; 4; 4; k)-vertex or a (3; 4; k; 4)-vertex, then k>8. Clearly  (x) =
6 − 63 − 2  64 − 6=k = 1 − 6=k>0. If x sends a charge and k623 then it sends only
along a (4; 4)-edge. In this case we have ’(x)=1− 6=k− 320 = 1720 − 6=k>0. Otherwise
x sends a charge h(x)6 720 + 2  320 = 1320 . But then k>24 and ’(x)>1− 624 − 1320 > 0.
In the same way we can show that ’(x)>0 if x is a (3; 4; m; n)-vertex or (3; m; 4; n)-
vertex, m 2 f5; 6g taking into consideration the fact that x sends a charge to at the
most three neighbours.
2.6. A (3; 4; m; n)-vertex or a (3; m; 4; n)-vertex x, minfm; ng>7 sends to its neigh-
bours the charge h(x)62 720+2 320=1. Then ’(x)= (x)−h(x)> 52−6(1=m+1=n)−1>0
if x sends a charge to at least three neighbours because then maxfm; ng>40. Other-
wise h(x)> 52 − 6(1=m+ 1=n)− 1420>0. A (3; l; m; n)-vertex x, minfl; m; ng>5, sends a
charge to at most two vertices, both of the type (3; 7;1). Then ’(x)>6− 63 − 6=l−
6=m− 6=n− 2  720>4− 125 − 67 − 710 > 0 if x is not a (3; 5; 5; 6)-vertex. In the last case
h(x)6 720 +
1
4 and ’(x)>0.
2.7. A (4; l; m; n)-vertex x, minfl; m; ng>4 sends away at most the charge 4 320 . Thus,
if n>40, then ’(x)>2 − 12 + 3 − 6( 14 + 14 + 140 ) − 1220 > 0. If n639 then ’(x)>2 −
1
2 + 3− 6( 14 + 14 + 15)− 2  320>0.
2.8. If x is an (a; b; c; d)-vertex with a>5 then it sends no charge and we have ’(x)=
 (x)>2 + 4− 6( 15 + 15 + 15 + 15) = 6− 6  45 > 0.
Case 3: Let x be a degree-k vertex, k>5. If an (a; b)-edge e is incident
with the vertex x, we associate with the pair (x; e) the value p(x; e) = ((2k − 6)=k +
(a− 6)=(2a)+ (b− 6)=(2b))= 2− 6=k + 12 − 6=(2a)+ 12 − 6=(2b)= 3− 6=k − 3=a− 3=b.
Clearly  (x) =
P
e3x p(x; e). Let h(x; e) be the charge which is sent, by the Rules,
from the vertex x along the edge e. Then ’(x)=
P
e3x (p(x; e)− h(x; e)). Now we are
going to show that for every pair (x; e) we have p(x; e)− h(x; e)>0.
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3.1. If k>6, then x sends along a (3; b)-edge e, b>5, the charge h(x; e)6 720 or
along a (4; b)-edge e, b>4, the charge h(x; e)6 320 . Thus, we have in the rst case
p(x; e)− h(x; e)>3− 1− 1− 3=b− 720 = 1320 − 3=b> 0 because b>5 and in the second
case p(x; e)− h(x; e)>3− 1− 34 − 3=b− 320 > 0 because b>4.
3.2. Let x be a degree-5 vertex. If it sends a charge along all the edges incident
with it, then it is a (3; m; 4; 4; n)-vertex or a (4; 4; m; 4; n)-vertex with n>m>40 in
both cases. In the rst case we have ’(x)>(4− 1− 2  12 + 2− 6=m− 6=n)− (2  720 +
3  320 )> 0. In the second case ’(x)>(4 − 3  12 + 2 − 6=m − 6=n) − 5  320 > 0. Let
x send a charge along at the most four edges. Then p(x; e) = 25−65 + (a − 6)=(2a) +
(b − 6)=(2b) = 45 + 12 − 6=(2a) + 12 − 6=(2b) = 95 − 3=a − 3=b. If e is a (3; b)-edge
then for b>7 it holds p(x; e) − h(x; e)>( 95 − 3a − 3b) − 720>( 95 − 1 − 37 ) − 720 > 0.
If e is a (3; 6)-edge then h(x; e)6 14 and p(x; e) − h(x; e)> 95 − 1 − 12 − 14 > 0. For a
(3; 5)-edge e we obtain p(x; e) − h(x; e)> − 320 . If e is a (3; 3)-edge or a (3; 4)-edge
then h(x; e) = 0 and p(x; e) =− 15 or 120 , respectively. If e is a (4; b)-edge, b>4, then
p(x; e) − h(x; e)>( 95 − 34 − 34 ) − 320 = 320 . We are going to show that x has enough
charge to cover the requirements of (3; 3)-edges and (3; 5)-edges.
3.2.1. Let x be incident with an (a; b)-edge f, a>4, b>5. First suppose that no
(3; 3)-edge is present at x. If a = 4 and b639, then the value p(x; f) = 45 + (a −
6)=(2a) + (b − 6)=(2b)> 45 − 28 − 110 = 920 can be used to cover the requirements of
all (3; 5)-edges incident with the vertex x, because h(x; f) = 0 and there are at most
three (3; 5)-edges incident with x. If a = 4 and b>40, then p(x; f)> 45 − 28 + 3480 =
39
40 so that p(x; f) − h(x; f)> 3940 − 320>3  320 again covers all requirements. If a>5
then p(x; f)> 45 − 2  110 = 35 , h(x; f) = 0 and the requirements of (3; 5)-edges are at
most 4  320 = 35 . If a (3; 3)-edge is present at x then x is a (3; 3; a; b; c)-vertex or a
(3; 3; c; a; b)-vertex, c>3. If h(x) = 0 then ’(x) =  (x)>0. If h(x) 6= 0 and c>5 then
h(x)62  720 . Because in this case  (x)> 2310 − 6=c it easy to see that ’(x)>0. If x is
a (3; 3; 3; 4; b)-vertex, then b>7,  (x) = 32 − 6=b> 914 and h(x)6 320 + 720 < 914 . If x is
a (3; 3; 3; 5; b)-vertex, then b>7,  (x) = 95 − 6=b> 3335 and h(x)62  720 < 3335 . If x is a
(3; 3; 3; a; b)-vertex, where b>a>6, then  (x)=3−6=a−6=b>1 and h(x)62 720 < 1. If
x is a (3; 3; 4; 4; b)-vertex, b>5, then  (x)=2−6=b> 45 and h(x)62 320 + 720 < 45 . If x is
a (3; 3; 4; a; b)-vertex, a>5, b>4, then  (x)= 72−6=a−6=b> 45 and h(x)6 320 + 720 < 45 .
Thus, in all the cases ’(x)>0.
3.2.2. Let x be incident with a (4; 4)-edge and with no (a; b)-edge, a>4, b>5.
If no (3; 3)-edge is incident with x then either at the most one (3; 5)-edge is at x
or x is a (3; 4; 4; 3; 5)-vertex. Because p(x; e) − h(x; e) = 320 for a (4; 4)-edge e and
p(x; f)−h(x; f)=− 320 for a (3; 5)-edge f, in the rst case we are done. In the second
case ’(x)> 110 . If a (3; 3)-edge is present at x, then x is a (3; 3; 4; 4; 4)-vertex and
h(x)6 720 +
3
20 =
1
2 . Since  (x) = 2− 6=d>2− 64 = 12 we have ’(x)>0.
3.2.3. If x is not incident with any (a; b)-edge, a>4, b>4 then x is a (3; 3; c; 3; d)-
vertex c>3, d>4. If c=3; 4 then d>7,  (x)>1− 6=d, h(x)62  114 if d=7, h(x)=0
if 86d623 and h(x)62  720 if d>24. Clearly ’(x)>0 in all cases. If c = 5 then
d>7,  (x) = 95 − 6=d and h(x)62  720 + 2  114 or 2  720 or 4  720 if d= 7 or 86d623
or d>24, respectively. In all these cases ’(x)>0.
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Table 2
c 6 6 6 7 7 >8
d 6 7 >8 7 >8 >c
 (x) 1 87 >
5
4
9
7 >
39
28 >
3
2
h(x)6 1 914
6
5
2
7
59
70
7
5
Analogously as above, one can nd that, for c>6 and d>6, ’(x)=  (x)−h(x)>0.
Table 2 shows the estimates for  (x) and h(x) in dependence on the values c and d.
3. Proof of Theorem 4
The proof proceeds by induction on p = jE(G)j. Since k = maxf40; (G)g
Theorem 4 trivially holds for every 3-connected graph G having 6 3422 = 63 edges.
Suppose that p>64 and the result holds for all 3-connected plane graphs with fewer
than p edges. Let G be any 3-connected plane graph with p edges. It is a routine to
check that, by Theorem 3, G contains either a conguration from Fig. 1 or a degree-t
vertex v with t65 and cd(v)6k + 1.
Case 1: If G contains a conguration from Fig. 1 then at least one edge e incident
with the degree-3 vertex x1 is, by Theorem 1(i), contractible. By the induction hypoth-
esis the graph G  e has a cyclic (k+2)-colouring . This colouring  induces a partial
cyclic (k + 2)-colouring of G in which all the vertices of G up to the vertex x1 are
coloured.
Let C be the set of colours used in the colouring  for the vertices incident with
the face 2. The following extension of  to G uses mainly the fact that cd(u)6k +2
for each vertex u 2 fx1; x2; y2g. If (y2) = (v1) we can extend  to x1 because in the
cyclic neighbourhood of x1 at most k + 1 colours are used. Thus, we can assume that
(y2) 6= (v1). If (z1) 62 C we can recolour the vertex x2 with (z1) and have at least
one colour for x1. If (z1) 2 C we remove the colour from y2, and colour with this
colour the vertex x2 and then colour rst x1 (at least one colour is available since y2 is
not coloured yet) and next y2 (note that in the cyclic neighbourhood of y2 the colour
(z1) is used twice because 1 6= 2 due to 3-connectedness of G).
Case 2: Let G contain a degree-t vertex v with t65 and cd(v)6k + 1.
2.1. Suppose rst that v is incident with a contractible edge e = vw. Then, by the
induction hypothesis, the graph G  e has a cyclic (k + 2)-colouring . This colouring
 of G  e induces a partial cyclic (k + 2)-colouring of G in which only the vertex v
is not coloured. As cd(v)6k +1, all other vertices of G can keep their colours and at
least one colour from the set of k + 2 colours is available for v.
2.2. Suppose next that v is not incident with a contractible edge. Then by Theorem
1(ii) at least three neighbours of v are degree-3 vertices and each of them is incident
with a contractible edge. Choose among these neighbours such a vertex w that the edge
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vw is of the type (3; 5) or (4; 4). This choice is always possible due to Theorem 3
except the case when v is a (3; 3; 6; c)-vertex, c613, sharing a (3; 3)-edge e with a
degree-d vertex y, d>4, or v is a (3; 6; 3; c)-vertex, c613. Notice that cd(w)6k + 2.
Let e be a contractible edge incident with w. By the induction hypothesis, the graph
G e has a cyclic (k+2)-colouring  which induces the partial cyclic (k+2)-colouring
of the graph G in which only w is not coloured. Remove now the colour (v) from
the vertex v. Because cd(w)6k + 2 and at most k + 1 colours are used in this partial
cyclic (k + 2)-colouring of G in the cyclic neighbourhood of w, we can extend the
colouring if we rst colour w and then v. The last is possible because cd(v)6k + 1.
Let v be a (3; 3; 6; c)-vertex, c613, sharing a (3; 3)-edge e with a degree-d vertex
y, d>4. Because all three other neighbours of v are degree-3 vertices, the edge e is
removable (see Lemma 1 in Barnette and Jucovic [3] which states that if a 3-connected
plane graph on at least 5 vertices contains a triangle [u; v; w] with a degree-3 vertex u
then the edge vw is removable). For the resulting graph G0 = G − e and the graph G
we have V (G0) = V (G) and (G0) = (G). By the induction hypothesis G0 has a
cyclic (k + 2)-colouring which is also a cyclic (k + 2)-colouring of G.
Let v be a (3; 6; 3; c)-vertex, c613. If v has a neighbour, say y, of degree >4, then,
by Theorem 1(ii), the common neighbour z of v and y is of degree 3. That is why,
by [3], the edge vy is removable. We have V (G− e)=V (G), (G− e)6(G)+ 1,
so that, if (G)613, there is a cyclic 42-colouring of G − e. Moreover, (G)>14
implies (G− e) =(G), which yields a cyclic k-colouring of G− e. In both cases
the colouring can be seen also as a cyclic k-colouring of G. If neighbours of v are
degree-3 vertices v1; v2; v3; v4 which form triangles [v1; v2; v] and [v3; v4; v], we delete
the vertex v (and the edges incident with it) from G and add two edges v2v3 and v1v4.
We obtain a graph G which is again 3-connected and instead of faces incident with
v, has a quadrangle, a pentagon and a (c − 1)-gon. G has a cyclic (k + 2)-colouring
which can easily be extended to a (k + 2)-colouring of G, because cd(v)617.
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